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1. Introduction

To investigate the growth of iterated entire functions some relevant notations and
definitions are required. For standard notations and definitions we refer to [4].

Notation 1.1 [8] Let logl®z = z, expl%z = z and for positive integer p, logFlz =
log(log[p_l]z)1 exp[p]z — exp(exp[P—l]Z).

Definition 1.2 The order p;s; and lower order Az of a meromorphic function f is
defined as

o 08T S)
Py = ”Ej;oup logr
and
logT(r, f)
= lim inf ———=2,
Ay “fﬁg}f logr

If £ is an entire function, then one can easily verify that

: log?l M(r, )
pgry = lim sup ————
T—>00

logr
and
log!? M(r, f)
— lim i
Ary lriglf ~ Togr

Definition 1.3 A function A7, (¢) is called a lower proximate order of a meromorphic
function f if
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(i) A (®) is nonnegative and continuous for ¢t = t,, say;

(i) A (0) is differentiable for t > t, except possibly at isolated points at which
/V{f}(t - O) and /Y{f}(t + O) exist;

(IV) limt_mo t/ll{f} (t) lOg t=0

and

o T(tf)
(v) lim inf;,e T = 1.

Definition 1.4 [1] Let f and g be two entire functions defined in the open complex
plane and t € (0,1]. Then the generalized iterations of f with respect to g are defined
as follows:

f;3(@2) = (1 =1z + 1f(2)
fr:91(2) = (1 — 1) gp,5(2) + 1 (g1,5(2)
f3:93(2) = (1 = 1) g2;5y(2) + 1 (gp2;53(2)

f{n.‘g}(z) =(1- T)g{n—l;f}(z) + Tf(g{n—l;f}(z))
and so are
a2 =1 —-1)z +19(2)

g{Z;f}(Z) =(1- T)f{l;g}(z) + 19 (f{l;g}(z))

93:11(2) = (1 = Df(2,63(2) + 19 (f12,91(2))

g{n;f}(z) = (1 - T)f{n—l;g}(z) + Tg(f{n—l;g}(z))
Clearly all fi,,53(2) and ggp;fy(2) are entire functions.

Considering two transcendental entire functions f and g defined in the open

complex plane C Clunie [2] proved that limr%w% = oo and
lim,_, logTT((r# = 0. Singh [9] investigate some comparative growth properties of

logT(r,f og)and T(r,f). Afterwards Lahiri [5] proved some results on the
comparative growth of log T (r, f o g) and T(r, g).

Recently Lahiri and Datta [6] proved some growth properties of logT(r, f o
g)and T(r,g). They [6] also investigate on the comparative growth properties of

loglog T(r, f o g) and T (r, f(9).

In this paper, we study the growth of generalized iterated entire functions and
prove some results which generalize and improve some earlier results.
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2. Lemmas
The following lemmas will be needed in the sequel.

Lemma 2.1 [6] Let f be an meromorphic function. Then for 8(> 0), the function
rAn+0-4n™ js an increasing function of 7.

Lemma 2.2 [7] Let f be an entire function of finite lower order. If there exist entire
functions «; (i =1,2,3........... n;n < o) satisfying T(r,a;) = o(T(r,f)) and
Y, 6(a;, f) =1, then

T(r,f) 1

S logM(r ) 7

Lemma 2.3 [3] Let f and g be two non-constant entire functions such that 0 < A5, <
p{f} <ooand 0 < /1{‘9} < p{g} < oo. Then for any t (O <T< mln{/l{f},/l{g}})

+0)(1+0(1)]logM(r,g) + 0(1), whennis even
log™ 1 T(r, fregy) < {(P{f} )( (1) logM(r,g) + 0(1) :
' (pggy + (A +0(1)logM(r, f) + 0(1), whennisodd
and
log™ N T(r, frngy)
T
P

(A3 —D(A+0(1)) logM (Fg) + 0(1), whennis even

r
(i) = DA+ 0(1)logM (577, f) + 0(1), when nis odd,
for all large values of r.

3. Theorems

Theorem 3.1 Let f and g be two non-constant entire functions such that A, and
Ary(> 0) are finite. If there exist entire functions a; (i = 1,2,3,........... ,mn < )
satisfying T (r, ;) = o(T(r,f)) asr - oo and 37, 6 (a;, f) = 1, then

"9 i sup log" 1 7(r, finig})
(@M T oo T(rf)

< mPggy when nis odd.

Proof. If 15, = 0 then the first inequality is obvious. Now we suppose that A(4, > 0.
For 0 <7 <minf{l, Ay, A¢g} and odd n we have from Lemma 2.3, for all large
values of r
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logl"~1 T(r, f{n;g})
T(r,f)

log M (g=r /)
) T(r,f)
log M (= f) T (g5=r 1)
T(p=.f) T
+0(1) (D

> (1+0)(Ay -7 +0(1)

> (14+0(1) (A — 1)

Let0 <1< min{l, ﬂ{f}, ﬂ{g}}.
Since

T f) _

AAn@

liminf

T—00

there exists a sequence of values of r tendlng to infinity for which

T(r,f) < (14 )rin® (2)
and
T(r,f) > (1 —r*n® 3)

Hence from (2) and (3) we have for §(> 0) and for a sequence of values of r tending
to infinity

T(%»f) > (1 0(1)) - 1) (%)l{f}hs 1
T(r,f) (1 +r)( :_ )R8 Ay (=r) ()@
—T) 1

>(1+001 ))

(1 + 1) (4-1)An+d’
since by Lemma 2.1, (r)*1%-41® s an increasing function of r.
Since 7, & > 0 are arbitrary, therefore using Lemma 2.2 we have from (1)

log™ U T(7, A
lim sup 8 ( fim; g}) {9}
00 T(r, f) (4n DAy
If pg; = oo, the second inequality is obvious. So we may assume pp4 < . Then the

second inequality follows from Lemma 2.2 and Lemma 2.3.
This proves the theorem.

Theorem 3.2 Let f and g be two non-constant entire functions such that pggy <
Airy < pgy < . Thenfork =0,1,2,3, ...
_log™ 1 T(r, f{n;g})
rfﬁ T (r, fK)
Proof. Let n be an even integer. Then from Lemma 2.3 we have for arbitrary = (> 0)
such that pgsy + 7 < A¢sy — 7 and for large values of r,

= 0,when n is even.

Page | 35
Research Guru: Online Journal of Multidisciplinary Subjects (Peer Reviewed)



Research Guru: Volume-13, Issue-1, June-2019 (ISSN:2349-266X)

log™ U T(7, frn.y) < (pry +7) (1 +0(1)) logM(r, g) + 0(1),

logM(r,g) < rP@a+*®
and T(r, f®) > rGn=o

Therefore
log" (1 fim)) _ (ppy + 0)r O™
T(r, f®) B rin=7)

+0(1)

Hence

logn-1l T(r, f{n.g})
lim - = 0.
roo T(r,f(k))

This proves the theorem.

Theorem 3.3 Let f and g be two non-constant entire functions such that ps <
Aigy < prgy < . Thenfork =0,1,2,3, ......
log" 1 T(r, finsa3)
m
r—oo T(r} g(k))
Proof. Let n be an odd integer. Then from Lemma 2.3 we have for arbitrary = (> 0)
such that pgsy + 7 < Aggy — 7 and for large values of r,

= 0,when n is odd.

g™ U T(7, frn.g) < (pgy +7) (1 +0(1)) logM(r, f) + 0(1),

logM(r, f) < rPn*?

and T(r,g%®) > rtg=o
Therefore
log[n—l] T(T, f{n;g}) - (P{g} + T)r(p{f}+‘c)
T(r, g@®) - r(Agy=7)

+0(1)

Hence

logl"~1] T(T' f{n:g}) _

0.
r1—>n;> T(r' g (k))

This proves the theorem.

Theorem 3.4 Let f and g be two non-constant entire functions such that 0 < A4 <
Pig} < oo and Pif < oo, Thenfor k=0,1,2,3,......
log™ M T (7, fing))
im =0,
r-o  T(exp(r), g®)
for all natural numbers n(= 2).
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Proof. Let us first suppose that n is even. Then for all sufficiently large values of r
and 7 (0 < 7 < Aggy) we have by Lemma 2.3

log" I T(r, fingy) < (pysy+7) (1 +0(1)) logM(r, 9) + 0(D),

logM(r, g) < rP@a*®

and T(exp(r),g®) > erf97”
So
log" (1, fime) _ Cppy + 0Ir O™
T(exp(r), g®) (297)

+0(1)
er
Therefore
log™=1T (7, ...
lim g ( f{n,g}):
roo  T(exp(r),g®)

Now let n is odd. Then by Lemma 2.3 we have
g™ UT(7, frng) < (prgy +7) (1 +0(1) logM(r, f) + 0(1),

log M(r, f) < r®Pn+o
So
log" T (7, fing)) g+ O)rPnto
T(exp(r),g®) (2017)

+o0(1).
eT
Therefore
10g" T fong)
E oy
T (exp(r), g'*)

This proves the theorem.

4. CONCLUSION

In this paper, we investigate the growth properties of iterated entire functions.
Considering generalized iterations of entire functions of finite iterated order we prove
some growth properties of generalized iterated entire functions.

As the results obtained are quite general in nature we can reduce the general results
to the corresponding special results by assigning different values to the parameters
involved in the general results. Thus these results can be applied to different branches
of science and engineering especially in mathematics.

Acknowledgement
The Second Author would like to thank the UGC (ERO), India for financial
support vide UGC MRP F No. PSW- 040/15-16 (ERO) dated 25" January, 2017.

Page | 37
Research Guru: Online Journal of Multidisciplinary Subjects (Peer Reviewed)



Research Guru: Volume-13, Issue-1, June-2019 (ISSN:2349-266X)

References

[1] D. Banerjee and N. Mondal, Maximum modulus and maximum term of
generalized iterated entire functions, Bulletin of the Allahabad Mathematical Society,
27(1) (2012), 117-131.

[2] J. Clunie, The composition of entire and meromorphic functions, Mathematical
essays dedicated to A. J. Macintyre, Ohio Univ. Press, (1970), 75-92.

[3] R. K. Dutta and N. Mandal, On the Growth Properties of Generalized Iterated
Entire Functions, J. Comp. Math. Sci. Vol. 10(4), 714-721 (2019).

[4] W. K. Hayman, Meromorphic Functions, The Clarendon Press, Oxford, 1964.

[5] I. Lahiri, Growth of composite integral functions, Indian J. Pure and Appl. Math.,
20(9) (1989), 899-907.

[6] I. Lahiri and S. K. Datta, On the growth of composite entire and meromorphic
functions, Indian J. Pure and Appl. Math., 35(4) (2004), 525-543.

[7] Q. Lin and C. Dai, On a conjecture of Shah concerning small functions, Kexue
Tong (English Ed.), 31(4) (1986), 220-224.

[8] D. Sato, On the rate of growth of entire functions of fast growth, Bull. Amer.
Math. Soc., 69 (1963), 411-414.

[9] A. P. Singh, Growth of composite entire functions, Kodai Math. J., 8 (1985), 99-
102.

Page | 38
Research Guru: Online Journal of Multidisciplinary Subjects (Peer Reviewed)



